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Abstract 
Let q be a positive integer. A graph G is said to be a q-graph if it contains a q-tree as one of 
its spanning subgraphs. A connected graph is a 1-graph. (1) We prove that if G is a q-graph with 
IV(G)[ > q, then the multiplicity of the root q of the chromatic polynomial P(G, 2) is the number 
of q-blocks (maximal subgraphs without any separating Kq in G). This is a generalization of a 
result in Whitehead and Zhao (1984). (2) We give a characterization of G being chromatically 
unique. This is a generalization of a result in Chia (1986). (3) Let q<~m and K,,(q) be the 
graph obtained by joining q edges between a complete graph K,. with m vertices and a vertex. 
We show that Kin(q) is chromatically unique. This is a generalization of a result in Giudici 
(1985). 
1. Introduction 
Let q be an integer ~> 1. The graphs called q-trees are defined by recursion: The 
smallest q-tree is the complete graph Kq with q vertices and a q-tree with n + 1 
vertices where n 1> q is obtained by adding a new vertex adjacent o each of q arbitrarily 
selected but mutually adjacent vertices of  a q-tree with n vertices. A graph G is said 
to be a q-graph if G contains a q-tree as one of its spanning subgraphs. For instance, 
a connected graph is a 1-graph. The wheel Wn with n 1>4 vertices is a 2-graph, since 
the 2-tree W~ - e is a spanning subgraph of Wn where e is any rim edge of Wn. 
We know that a connected graph is a block if it does not have any cutpoints 
(cutvertices). Since a connected graph is a 1-graph, this leads us to define q-blocks 
and q-separating cliques: Let G be a q-graph, and Kq(Ul,U2 . . . . .  uq) be the complete 
subgraph with q vertices ul,u2 . . . . .  Uq. I f  G -  {Ul,t/2,...,/.gq} is not connected, then 
Kq(ul,u2 . . . . .  Uq) is said to be a q-separating clique of  G where G - {Ul,Ua . . . . .  Uq} is 
the graph obtained from G by deleting the vertices Ul, u2 . . . . .  Uq and the edges incident 
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with them. A q-subgraph H of G is a q-block of G, if H is maximal with respect to the 
property of being not a q-separating clique. For instance, the 2-graph W~ (n>~4) is a 
2-block, and the following graph has two 2-separating cliques K2(ul, u2) and K2(u' l, u'2) 
and three subgraphs which are 2-blocks: 
ul u'~ 
u2 u~ 
where K2(ul, u2) and K2, U(, u~) are 2-separating cliques. 
The following are some properties of q-graphs: 
(1) If G is a q-graph with q t> 2, then G is also a q~-graph where 1 ~< q~ < q. 
(2) Every q-graph is q-connected. 
(3) If G is a q-graph and G contains at least one q-separating clique, then G is not 
a (q + 1)-graph. 
(4) If G is a q-block with q>~2, then G is also a q~-block where 1 ~<qt < q. 
(5) Let G be a graph with n vertices. Then G is a q-tree if and only if P (G ,2)= 
2(2 - 1) . . .  (2 - q + 1)(2 - q)n-q where n>>.q; see [1]. 
2. q-blocks 
Theorem 1. Let q be a positive integer. I f  G is a q-graph with IV(G)[ > q, then 
the multiplicity of the root q of the chromatic polyomial P(G, 2) is the number of 
q-blocks in G. 
In order to prove our Theorem 1 we need the following lemmas. 
Lemma 1. Let G be a q-graph with n vertices and P(G,2)be  its chromatic polyno- 
mial. I f  2 is replaced by co + q, then the coefficient of co in P(G, co + q), denoted by 
c(G), is (-1)n-q+lb for some non-negative integer b. 
Proof. Case 1: G contains at least one q-separating clique Kq(Ul,U2 . . . . .  Uq). 
Say G-{ul,u2 ..... Uq} has m components where m>~2. Let V1, V2 . . . . .  Vm be the vertex- 
sets of the components. Then each of the induced subgraphs Gi = G[g /U(U l ,  u2 . . . . .  Uq}] 
contains Kq+l as a subgraph. Thus, 2 (2 -  1 ) . . . (2 -  q)[P(Gi,2) for i=  1,2 . . . . .  m. 
It follows that (2 -  q)m Ip(G, 2 ) i.e., co'nlp(G, co + q) where m>~2. Consequently, 
c (G)=0,  i.e., c(G)=(-1)n-q+lb with b being 0. 
Case 2: G does not contain any q-separating clique, i.e., G is a q-block. We 
shall use induction on n where n=IV(G)I. For n=q + I,G is isomorphic to Kq+l 
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and P(G,2)=P(Kq+I, 2)-----2(2 - 1) . . - (2  - q), i.e., P(G,09 + q)=P(Kq+l, 09 + q)-- 
(09+q)(09+q- 1) . . . (09+ 1)(o9). Thus, c(G)=q!-=(-1)(q+l) -q+lb where b=q! >0.  
We assume that our Lemma 1 holds for any q-block with r vertices where 
q + 1 ~< r ~< k -  1. Let G be a q-block with k vertices and Tq be any spanning q-tree 
of G. Then E(G) - E(Tq) is non-empty. 
Let u be a vertex in G such that u is incident with q edges of Tq, and more 
than q edges of G, i.e. dTq(U)=q and da(u)>>.q + 1. Let Eo(u) be the set of edges 
which are incident with u and do not belong to E(Tq). Then Eo(u) is not empty, say 
Eo(u) = {el,e2 . . . . .  et}. By repeatedly using Theorem 1 in [6], we have 
P(G, 2) = P(H, 2) - P(Gel, 2) - P((G - el )e2,2) 
. . . . .  P((G - el - e2  . . . . .  e t - i  )e,,~,), 
where Ge is the graph obtained from G by contracting the edge e in G, G-e  is the 
graph obtained from G by deleting the edge e in G and H is obtained from G by 
deleting the edges ei for i=  1,2,...,t. In H, the vertex u has degree q and is adjacent 
to a q-separating clique Kq(Ul,U2 .. . . .  Uq) in the q-tree Tq. By our Case 1, we have 
c(H) = 0. Since each of the graphs obtained by contracting an edge has k -  1 vertices, 
applying the inductive hypothesis, we have 
c(G) = c(H) - ( -  1 )(k- l )-q+ lb I -- (-- 1 )(k-1)-q+ l b 2 . . . . .  (-- 1 )(k-1)-q+ l bt 
= O + (-1)k-q+ l ( bl W b2 + . . . + bt ) 
= (--1)k-q+lb, 
where b=(bl + b2 + ... +bt)>10. Hence, by induction, we have c (G)=( -1 )n -q+lb  
for some non-negative integer b and for all integers n ~>q + 1. [] 
Lemma 2. I f  G is a q-block with [ V( G)[ >>.q + 2, then there exists an edge (u,v) in G 
such that G(u,v) is also a q-block and G-  (u, v) is a q-graph where G(u,v) is the graph 
obtained from G by contracting the edge (u,v) and G-  (u,v) is the graph obtained 
from G by deleting (u, v). 
Proofi Let Tq be any spanning q-tree of G. Since, [V(G)I>~q + 2, Tq has at least one 
q-separating clique. Since G is a q-block and Tq has a q-separating clique, 
E(G) -E (Tq)  ~ 0. Let (u,v) be any edge in E(G) -  E(Tq). Then G(u,v) is also a 
q-block, and G-  (u, v) is a q-graph. [] 
The proof of Theorem 1 goes as follows. We shall prove Theorem 1 by using 
induction on the number of edges of G. 
If  G is a q-tree with n~>q + 1 vertices, then G has exactly n -q  subgraphs 
isomorphic to Kq+l, and each of them is a q-block. By property (5), we know that 
P (G ,2)=2(2  - 1 ) . . . (2  - q)n-q and, clearly, the multiplicity of the root q in 
P(G,2) is n -  q. 
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Let G be a q-graph with n vertices which is not a q-tree. We assume that our 
Theorem 1 has been verified for all q-graphs with fewer edges than G. There are two 
cases to be considered: 
Case 1: G does not have any q-separating clique, i.e., G is a q-block with n = IV(G)I 
~>q ÷ 2. By Lemma 2, there is an edge (u,v) in G such that G(u,v) is also a q-block, 
G-  (u, v) is a q-graph, and 
P(G, 2) = P(G - (u, v), 2) - P(G(u,v), 2). 
Since G(u,v) is a q-block and has fewer edges than G, by the inductive hypothesis, q 
is a simple root of G(G(u,v), 2). Thus, c(G(u,o))= (- l)(n-1)-q+lb 2 --(-1)n-qb 2 where 
b2 > 0. Since G-(u ,v )  is a q-graph, by Lemma 1, we have c(G- (u ,v ) )= ( -1) ' -q+lbl  
for some integer bl >/0, and 
c(G) = c(G - (u, v)) - c(G(u,o)) 
= (-1)n-q+lbl + (-1)n-q+lb2 
= (-1)n-q+lb 
where b = bl + b2 > 0. Hence, the multiplicity of the root q in P(G, 2) is 1 which is 
the number of q-blocks in G. 
Case 2: G has at least one q-separating clique Kq(ul,u2 ... . .  Uq). Let VII, V2 . . . . .  Vm for 
m~>2 be the vertex-sets of the components of G-  {Ul,U2,...,uq}, and 
Gi=G[Vi U {ubu2 ... . .  Uq}] be the induced subgraphs for i=1 ,2  . . . . .  m. Then each 
Gi is a q-graph. By Theorem 3 in [6], we have 
P(G,2)= 2) / (2 (2 -1) . . . (2 -q+1) )  m-1. 
i 
Thus, the multiplicity of the root q in P(G,2) is equal to the sum of its multi- 
plicities in P(G1,2),P(G2,2) .. . . .  P(Gm,2). Applying the inductive hypothesis to 
G1,G2 ... . .  Gin, we have the multiplicity of the root q in P(Gi,2) is equal to the 
number of q-blocks in Gi for i = l, 2 . . . . .  m. Hence, the multiplicity of the root q in 
P(G,2) is equal to the number of q-blocks in G. Note that Kq(Ul,U2,...,Uq) is not 
a q-block of G. [] 
Corollary 1.1. A q-graph G has a q-separating clique if and only t f (2 -q )  2 [P(G,2). 
Proof. If G has a separating clique, say gq(ul,u2 . . . . .  Uq), then the number of the 
components of G-  {ul,u2 ... . .  Uq} is at least 2, and each of the induced subgraphs is 
a q-graph. By Theorem 1, (2 - q)2 I P(G, 2). 
Conversely, if (2 - q)2 [ P(G, 2), i.e., the multiplicity of the root q in P(G, 2) is at 
least 2, then G has at least 2 q-blocks which overlap on a q-separating clique, i.e., G 
has a q-separating clique. [] 
C.-Y Chao et al./Discrete Mathematics 172 (1997) 9-16 13 
For q :  1 we have 
Corollary 1.2 (Whitehead and Zhao [8]). For any connected oraph G, the multiplicity 
of the root 1 in P(G, 2) is equal to the number of blocks in G. 
Corollary 1.3. I f  G is a q-oraph, then the multiplicity of the root i in P(G,2) is 1 
for i=0,  1 . . . . .  q -  1. 
3. q-chromatically unique and q-vertex transitive graphs 
A q-graph G is said to be q-chromatically unique, if, for a q-graph H, 
P(H,2)=P(G,2) implies G and H are isomorphic (G ___ H). We note that, for 
q > 1, a q-chromatically unique graph may not be chromatically unique (1-chromatically 
unique). For instance, let GI and G2 be as shown below: 
G1 G2 
Then P(G l ,2 )=P(G2,2)=2(2-1) (2 -2 ) (2 -3 ) (22-52+7) .  Since 6:2 has a vertex 
of degree 2 and GI does not, G1 ~ G2 i.e., G1 is not chromatically unique. But GI 
is 2-chromatically unique. (The chromatic polynomials of all graphs with six vertices 
are known [5].) 
Theorem 4 of [7] states that a disconnected chromatically unique graph consists of 
a connected chromatically unique graph together with a number of isolated vertices. 
The proof follows from Theorem 3 in [6]. A graph is said to be a disconnected q-
graph, if it has more than one component and each component is a q-graph. Similar 
to Theorem 4 and its proof in [7], we have that a disconnected q-chromatically unique 
graph consists of a (connected) q-chromatically unique graph together with a number of 
copies of the complete graph Kq with q vertices. We note that, for q >t 2, a disconnected 
q-chromatically unique graph is not chromatically unique. 
A q-graph G is said to be q-vertex-transitive, if, for any spanning q-tree Tq of G 
and for any two q-cliques Kq(Ul,U2,...,Uq) and Kq(1)l,l)2 . . . . .  l)q) in Tq, there is an 
automorphism a of G such that a{ul, u2 . . . . .  Uq} = {vl, v2 . . . . .  Vq}. 
We note that for q : 1, the definition of a 1-vertex-transitive graph coincides with 
the definition of a connected vertex-transitive graph. 
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The following has been proved by Chia in [3]: Let G be a q-graph. If G is 
q-chromatically unique, then G has at most two blocks. Furthermore, in the case that 
G consists of two q-blocks B1 and B2, then either B1 ~- Kq+l or B2 --- Kq+I. 
Theorem 2. Let G be a q-graph and G consist of two q-blocks H and Kq+l. Then 
G is q-chromatically unique if and only if H is q-chromatically unique and q-vertex- 
transitive. 
Proof. Let G consist of two q-blocks H and Kq+l. If G is q-chromatically unique, 
then, clearly, so is H. We claim that H is q-vertex-transitive. If a spanning q-tree Tq 
in H consists of only one Kq+l, i.e., H=Kq+b then, clearly, H is q-vertex-transitive. 
Consider the case Tq contains more than one Kq+l. Suppose that H is not q-vertex- 
transitive. Then there are two different q-cliques Kq(ulu2,...,Uq) and Kq(Vl,V2 .. . . .  Vq) 
in Tq such that a{Ul,U2 . . . . .  Uq} ~ {vl,v2 . . . . .  vq} for any automorphism tr of H. Let 
G1 be the graph consisting of H and Kq+l overlapping on Kq(Ul, u2,..., Uq) and G2 be 
the graph consisting of H and Kq+l overlapping on Kq(Vl,VV .... .  vq). Then G1 and G2 
are not isomorphic and have the same chromatic polynomial P(G, 2). This contradicts 
q-chromatic uniqueness of G. Hence, H is q-vertex-transitive. 
Conversely, suppose that G consists of two q-blocks H and Kq+l and H is 
q-chromatically unique and q-vertex-transitive. Then by Theorem 3 in [6], we have 
P(G, 2) = (2 - q)P(H, 2). To prove the q-chromatic uniqueness of G, we assume that 
Y is a q-graph such that 
p(r,2) = P(G,  2 )=(2  - q)P(n,2). 
Since H is a q-block, by Theorem 1, we have 
(2 - q) I P(H, 2) and (2 - q)2 4" P(H, 2). 
Thus, 
(2-q)21p(Y,  2) and (2 -q )  3 ¢P(Y,2). 
Again, by Theorem 1, the q-graph Y has two q-blocks, say Cl and (72. If one of 
them is isomorphic to Kq+l, then the q-chromatic uniqueness implies that the other one 
is isomorphic to H, and G is q-chromatically unique. 
If none of C1 and C2 is isomorphic to Kq+l, then Ig(Ci)l>~q + 2 for i=1,2.  
Let Kq(ubu2 .... .  Uq) be the only q-separating clique and y be a vertex in Y which 
has the largest degree and N(y)D{ul,u2 .. . . .  Uq}. Say y is in C2. We use the same 
method as the construction of q~(G) on p. 68 [3] to obtain a graph Z such that 
P(Z,A)=P(Y,2) and P (Z ,2 )=(2-  q)P(J,2), where J=Z-  {y} is a q-block. Since 
P(Y,2) =(2 - q)P(H,2),P(Z,2)=(2 - q)P(H,2), and P(J,A)=P(H,2); since the de- 
gree of y in J is the largest (the degree of y in J = the degree of y in Y plus 
[ N(x) - {Ul, u2... Uq} [ ), J is not q-vertex-transitive; since H is q-vertex-transitive, 
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J ~_ H. This contradicts the q-chromatic uniqueness of H,  and G is q-chromatically 
unique. [] 
Corollary 2.1 (Chia [2] and Read [7]). Let G be a connected graph, and G consist of 
two blocks H and K2. Then G is chromatically unique if and only if H is chromatically 
unique and vertex-transitive. 
Lemma 3. Let m be a positive integer and G be a graph with IV(G)[ =m + 1 and 
[E(G)[=(m(m - 1)/2) + q where l <~q<~m. Then G is a q-graph. 
Proof. I f  q = m, then [E(G)[ = (m(m - 1)/2) + m = (m + 1)(m)/2 which implies that 
G is Kin+l, and G is an m-graph (q-graph). 
Suppose that 1 ~<q < m. Since IE(G)I = (m(m - 1 )/2) + q = (m(m + 1 )/2) - (m - q), 
we may consider G as the graph obtained from Km+l by deleting m - q edges. Since 
any Km+l with m - q edges deleted contains a spanning m - (m - q )= q-tree, G is a 
q-graph. [] 
Theorem 3. Let m and q be integers such that l<<,q<~m, and Kin(q) be the 
graph obtained by joining q edges between a complete graph Km and a vertex. 
Then Kin(q) is q-chromatically unique, and furthermore, Km(q) is chromatically 
unique. 
Proof. I f  q = m, then Kin(q)=Km+l and it is chromatically unique. Consequently, it is 
q-chromatically unique. We consider the case 1 ~<q < m: Let G be a graph such that 
P(G, 2) = P(Km(q), 2). Then IV(G)[ = I V(gm(q), 2)1 = m + 1 and IE(G)I = IE(gm(q)l = 
(m(m - 1) /2 )+ q. By Lemma 3, G is a q-graph. Since Km(q) has two blocks Km 
and Kq+l and Km is q-chromatically unique and q-vertex transitive, by Theorem 2, we 
know that Kin(q) is q-chromatically unique. Since both of G and Kin(q) are q-graphs, 
by the definition of  q-chromatic uniqueness, G ~- Kin(q). Thus, Kin(q) is chromatically 
unique. [] 
Corollary 3.1 (Giudici [4]). Let m be a positive integer. Then Kin(l) and Kin(2) are 
chromatically unique. 
The authors wish to thank the referees for their help. 
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